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Alice and Bob

m Alice (A) has a vector X4 = (Xj, ..., Xn) € R
m Bob (B) has a vector Yg = (Yi, ..., Yn) € R™.
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m Alice (A) has a vector X4 = (Xj, ..., Xn) € R
m Bob (B) has a vector Yg = (Yi, ..., Yn) € R™.

Wish to solve 2 problems:
Given P € R[X, Y] compute the value P(Xy, Y5). (Abelson ’'80)
Given a set S C R?" decide if (Xa, Y5) € S. (Grigoriev '08)
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O(1). There exists injective functions R” — R.
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m Alice (A) has a vector X4 = (Xj, ..., Xn) € R
m Bob (B) has a vector Yg = (Yi, ..., Yn) € R™.

Wish to solve 2 problems:
Given P € R[X, Y] compute the value P(Xy, Y5). (Abelson ’'80)
Given a set S C R?" decide if (Xa, Y5) € S. (Grigoriev '08)

How many real values does Alice and Bob need to exchange to solve these problems?

Answer
O(1). There exists injective functions R” — R.

We need some smoothing conditions!
(In fact, continuous is enough!)
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Model for computing the value of a polynomial

Definition (Communication Complexity of a Polynomial)

For ry, r» € N, a polynomial-evaluation representation of g € F[X, Y] consists of
polynomials ay,...,ary € F[X], by, ..., br, € F[Y], and a polynomial P over Fin ry +r»
variables such that

9x,Y) = P(@(X),...,an(X),b1(Y),. .., by(Y)).

The cost of this representation is r; + r.. The communication complexity of g,
denoted c(g), is the minimum cost of any such representation. In particular, constant
polynomials have communication complexity 0.
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For ry, r» € N, a polynomial-evaluation representation of g € F[X, Y] consists of
polynomials ay,...,ary € F[X], by, ..., br, € F[Y], and a polynomial P over Fin ry +r»
variables such that

9x,Y) = P(@(X),...,an(X),b1(Y),. .., by(Y)).

The cost of this representation is r; + r.. The communication complexity of g,
denoted c(g), is the minimum cost of any such representation. In particular, constant
polynomials have communication complexity 0.

REINE
rn+rn<2n
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Mixed Hessian and lower bounds

Definition (Mixed Hessian matrix)

LetF € {R,C}. For a polynomial g € F[X, Y], its n x n mixed Hessian matrix
HX\ y(g) is defined by
g

Hxv(9)]j axXoY,
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Mixed Hessian and lower bounds

Definition (Mixed Hessian matrix)

LetF € {R,C}. For a polynomial g € F[X, Y], its n x n mixed Hessian matrix
HX\ y(g) is defined by
g

Hxv(9)]j axXoY,

Lemma (Abselson)
LetF € {R,C}, and let g € F[X, Y]. Suppose that

g(X7 Y) = Q(a1(X)7""af1 (X)7b1(Y)""7bf2(Y))

is a minimum-size representation of g, where ay, . .., ar, € F[X] and
by, ..., br, € F[Y]. ThenrankHy y(g) < min{r, r2} and

c(g9) =n +r>2-rankHy y(9).

Here the rank of a polynomial matrix is taken over F(X, Y).
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Model for set recognition

Definition (Deterministic set-recognition protocol)

A deterministic communication protocol over F is a finite rooted tree, with the root at
level 1, whose leaves are labeled Accept or Reject. Each internal node v at level r is

assigned
® a message polynomial qv, associated with one of the parties: either g, € F[X] or
qv € F[Y]; and
= atesting polynomial P, € Flz,..., z].

On input (X, Y), for a v at level r, the associated party broadcasts h; = qv(X) if the
node v belongs to Alice or hy = qv(Y) if v belongs to Bob. The outgoing edge is
determined by evaluating Py, on the transcript h = (hy, ..., hr), where h; are the
message polynomials along a path from the root to v. Over R, the three possible
outcomes are P,(h) < 0, Py(h) =0, and P,(h) > 0. Over C, the two possible
outcomes are Py(h) = 0 and Py (h) # 0. The outgoing edges are labeled by these
outcomes, so every input determines a unique root-to-leaf path.

The protocol recognizes a set S C F7 x F” if this path ends at an Accept leaf exactly
when (X, Y) € S. The cost of the protocol is the maximum number of internal nodes
on a root-to-leaf path. The deterministic communication complexity DCCg(S) is the
minimum cost of a protocol recognizing S. We drop the suffix when the field is clear
from the context.
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Example: Equality

Consider the set

EQn={(X,Y) eR*" | X = Y}
=V(Xi = Y1,X = Ya,...; Xn — Yn)

4 <§nj(x,- - Y,-)2>
i=1
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General recipe for PCCg lower bounds.

Hxv(F) VxF
RF:=Det(XY() x)

(VyA)T 0

Let S C R" x R" be a semialgebraic set' and let F € R[X, ..., Xn, Y4, ..., Yn] 8.t:
F is irreducible over R
0S8N V(F) has dimension2n — 1
FtREe.

Then PCCg(S) > 2n

1A set is semialgebraic if it is a finite union of sets of the form {Z | P(Z) < 0} and {Z | Q(Z) = 0}
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General recipe for PCCg lower bounds.

Hxv(F) VxF
RF:=Det(XY() x)

(VyA)T 0

Let S C R" x R" be a semialgebraic set' and let F € R[X, ..., Xn, Y4, ..., Yn] 8.t:
F is irreducible over R
0S8N V(F) has dimension2n — 1
FtREe.

Then PCCgr(S) > 2n

Corollary
Let F € R[X, Y] be irreducible, and let S(F) = {(X,Y) e R" x R" | F(X,Y) < 0}. If
there exists u € R" x R" such that

F(uy=0 and  Rg(u) #0,
then, the probabilistic communication complexity of S(F) overR is > 2n, i.e.,
PCCr(S(F)) > 2n.

1A set is semialgebraic if it is a finite union of sets of the form {Z | P(Z) < 0} and {Z | Q(Z) = 0}
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m GivenC = {C1 sy CN}
m Set G; =[] g,v, the product of all testing polynomials in C;.
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Claim (Main technical step)

For any u € 9S, there exists at least one i € [N] such that G;(u) =0, i.e.,

N
as c | J V(G).

i=1
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m GivenC = {C1 sy CN}
m Set G; =[] g,v, the product of all testing polynomials in C;.

Claim (Main technical step)

For any u € 9S, there exists at least one i € [N] such that G;(u) =0, i.e.,

N
as c | J V(G).

i=1

If F is irreducible, dim(V(F)) =2n—1and F { G then
dim(V(F)n V(G)) <2n-2
F must divide some G;, since if not we would have
N
dim(8S N V(F)) < dim (U(V(F) n V(G,-))) <2n-2,

i=1

In particular, since F is prime it divides some g; .
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Proof of Theorem - Part 2

Proven so f:

F divides some testing polynomial, g; .
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Proven so far

F divides some testing polynomial, g; .

Lemma (Full-rank criterion for powers)

Let F € F[X, Y] be irreducible, and define the determinant of (n+ 1) x (n+ 1) matrix
and suppose that F t Re. Then, for every

g=F"h, m>2, Fih,

we have
rank Hle(g) =n.
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g=F"h, m>2, Fih,

we have
rank Hle(g) =n.

c(gi,v) > c(g?,) > 2rankHy|y(g) = 2n
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Proven so far

F divides some testing polynomial, g; .

Lemma (Full-rank criterion for powers)

Let F € F[X, Y] be irreducible, and define the determinant of (n+ 1) x (n+ 1) matrix
and suppose that F t Re. Then, for every

g=F"h, m>2, Fih,

we have
rank Hle(g) =n.

c(gi,v) > c(g?,) > 2rankHy|y(g) = 2n

Thus giv(X,Y) = p(a1, ..., an, by, ..., br,) With ry +r, > 2n.
Hence g; , must lie at depth 2n. O
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Open problems:
m Can we get strict lower bound for inner product?
m Can we extend to multiple people (not just Alice and Bob)?
m Can we generalize to a broader class of functions, say, Coc ?
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Other results in our paper:
m Everything here but in the complex setting.
m Strict lower bounds for a handful of interesting set recognition problems.
m The "recipe theorem" for piecewise rational functions.
m PCCGr{(X, V)| X-Y<O0})=2n—-4 (Grigoriev proved 2n — 6)

Open problems:
m Can we get strict lower bound for inner product?
m Can we extend to multiple people (not just Alice and Bob)?
m Can we generalize to a broader class of functions, say, Coc ?

Thank you for listening!
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